Revealing the quantitative relation between simultaneous correlations in
  complementary bases and quantum steering for two-qubit Bell diagonal states by Jebarathinam, C. et al.
Revealing quantitative relation between simultaneous correlations in complementary bases and
quantum steering for two qubit Bell diagonal states
C. Jebarathinam,1, ∗ Aiman Khan,2 Som Kanjilal,2 and Dipankar Home2
1S. N. Bose National Centre for Basic Sciences, Salt Lake, Kolkata 700 106, India
2Center for Astroparticle Physics and Space Science (CAPSS),
Bose Institute, Block EN, Sector V, Salt Lake, Kolkata 700 091, India
(Dated: May 28, 2019)
The present work is motivated by the question as to what aspect of correlation entailed by the two-qubit state
serves as the appropriate quantitative resource for steering. To this end, considering Bell-diagonal states, suitable
measures of simultaneous correlations in two and three complementary (mutually unbiased) bases are identified
as the relevant resources for quantum steering. Quantitative relations between appropriate measures of quantum
steering and the corresponding measures of simultaneous correlations in complementary bases are demonstrated
which ensure that for two qubit steerable Bell-diagonal states, higher value of simultaneous correlations in
mutually unbiased bases necessarily implies higher degree of quantum steering, both for two and three setting
steering scenarios.
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Introduction:- The idea of quantum steering, one of the fun-
damental nonclassical features of quantum theory, was first
suggested by Schrodinger in his response paper [1] to the
Einstein-Podolsky-Rosen argument [2]. This idea was for-
malized by Wiseman et al [3] stimulating extensive studies
on quantum steering [4–15]. Besides its foundational im-
plications, usefulness of steerable states has been demon-
strated in quantum information processing applications such
as one-sided device independent quantum cryptography [6],
randomness generation [16] and sub-channel discrimination
[12]. These works have given rise to the need for identify-
ing an appropriate quantitative measure of steering. For this
purpose, several measures of quantum steering have been pro-
posed such as steerable weight [8], steering robustness [12],
steering fraction [17], intrinsic steerability [18], relative en-
tropy of steering [14, 19] and steering cost [20]. Further, var-
ious works [7, 21, 22] have established that while entangle-
ment is necessary for quantum steering, an entangled state in
itself is not sufficient to ensure steering. This naturally gives
rise to the question as to what particular aspect of quantum
correlation, apart from entanglement, plays a crucial role in
quantum steering.
In this work, it is the above mentioned question that is ad-
dressed for the case of two-qubit Bell diagonal states by in-
voking the following two key ingredients:
• As a quantitative measure of steering, we employ the
steering measure proposed by Costa and Angelo (ab-
breviated as CA) [23] is employed which we choose
because it is the only steering measure that has been
shown to be amenable to a closed analytical expression
for all two-qubit states.
• In order to bring out the feature of quantum correla-
tions that is sought to be quantitatively related to the
above mentioned steering measure, we take recourse to
the recently proposed measures of simultaneous corre-
lations in mutually unbiased bases (SCUMB) suggested
by Guo and Wu [24].The basic idea underpinning such
a measure is briefly explained below.
Considering a given measurement basis at Alice’s end, cor-
relations with respect to this basis can be characterized by the
Holevo quantity [25], which is the upper bound to the maxi-
mum accessible information Bob can obtain about outcomes
of Alice’s measurement. We then consider the Holevo quanti-
ties corresponding to the bases which are mutually incompati-
ble to the given basis and take the minimum of all such Holevo
quantities - this minimum is regarded as the maximum amount
of simultaneous correlation that is present in the correspond-
ing set of mutually unbiased bases [24, 26]. Thereafter, by
varying the choice of the measurement basis, one can span
the entire set of mutually unbiased bases and take the over-
all maximum of all such quantities mentioned earlier. This
maximum is then interpreted as the maximum amount of si-
multaneous correlation that can be present in a given set of
MUBs corresponding to any arbitrary choice of the measure-
ment basis at Alice’s side [24]. Its non-vanishing value is thus
taken to signify the persistence of correlations in sets of dif-
ferent incompatible bases as a fundamental quantum feature,
and is regarded as the measure of simultaneous correlations in
mutually unbiased bases (SCMUB) denoting a fundamental
quantum feature. Importantly, this measure has been shown to
be nonzero if and only if the state in question is a non-product
state. Analytical expressions for this measure have also been
obtained for the Bell-diagonal family of states [24, 26].
In this paper, using the steering measure proposed by CA
[23], first for the two-setting steering scenario, it is demon-
strated that there exists an analytical relationship between SC-
MUB and the CA steering measure derived using the two-
setting linear steering inequality. We then show that SCMUB
bears an analytical relationship with the corresponding steer-
ing measure in the three-setting scenario, too. These analyt-
ical relationships are such that for all steerable Bell-diagonal
states corresponding to non-vanishing values of either two or
three-setting steering measure, a higher value of SCMUB nec-
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2essarily implies a higher degree of quantum steering.
This letter is organized as follows. First, we briefly dis-
cuss the core ideas of quantum steering and explain in detail
the measures of steering proposed by CA. This is followed by
discussing the relevant specifics of SCMUB and we demon-
strate that both the two and three setting CA steering measures
are, in fact, monotonically increasing functions of SCMUBs
for any steerable Bell diagonal state, implying the significance
of SCMUB as resource in the steering scenario. Finally, we
conclude by indicating a few novel directions of study that our
work may open up.
Quantum steering:- In a typical steering scenario, one of the
two spatially separated parties, say Alice, performs a set of
black-box measurements (without any assumption about the
measured state and the measurement device) that result in con-
ditional states being prepared for the other party Bob, who, in
turn, can perform state tomography to determine these con-
ditional states. Bob will be convinced that Alice has indeed
steered the preparation of the set of conditional states on his
side if and only if the correlations between the Alice’s mea-
surement results and the set of conditional states on Bob’s side
cannot be explained by a local hidden state (LHS) model [3].
If Alice and Bob share a separable state, it has been shown that
the above mentioned correlations can always be explained us-
ing a LHS model [12]. Thus, separable states cannot be useful
for steering, whence demonstration of steering necessarily re-
quires the presence of entanglement between the parties.
Steering can also be viewed operationally within the frame-
work of quantum information theory as the certification of en-
tanglement in a one-sided device-independent manner [3, 22],
as the steering scenario corresponds to one party perform-
ing untrusted measurements while the other party performs
trusted measurements. On the other hand, certification of en-
tanglement through demonstration of Bell nonlocality [27] is
fully-device-independent [28]. Also, to be noted that steering
inequalities have been formulated [15, 29], analogous to Bell
inequalities, which can certify the presence of steering. In a
nutshell, steering lies intermediate between entanglement and
Bell nonlocality: quantum states that exhibit Bell nonlocality
form a subset of EPR steerable states which, in turn, form a
subset of entangled states [3, 22].
Measure of steering proposed by Costa and Angelo (CA):-
A general n-setting steering scenario comprises Alice per-
forming n-dichotomic black-box measurements Ak ∈ {−1, 1},
where k = 1, 2, 3, · · · n, and Bob performing n-two outcome
projective measurements Bk = bˆk · ~σ along the unit directions
bˆk, here ~σ is the vector of Pauli matrices. For such n-setting
scenario, the linear steering inequality formulated by Caval-
canti, Jones, Wiseman, and Reid (CJWR) [29] as the sum of k
bilinear expectation values is given by [29]:
Fn(ρ, µ) :=
1√
n
∣∣∣∣∣∣∣
n∑
k=1
〈Ak ⊗ Bk〉
∣∣∣∣∣∣∣ ≤ 1, (1)
where ρ is the given bipartite quantum state, µ = {Ak; Bk}nk=1
refers to the measurement settings of Alice and Bob and
〈Ak ⊗ Bk〉 = Tr(ρ(Ak ⊗ Bk)). Violation of any of these inequal-
ities certifies steering using a given quantum state.
Here our attention is confined to the two-qubit case. CA
[23] defined the following class of steerability measures that
seek to quantify steerability of two-qubit states via the maxi-
mal violation of the CJWR linear steering inequalities (1):
S n(ρ) = max
{
0,
Fn(ρ) − 1
Fmaxn − 1
}
, (2)
where
Fn(ρ) = max
µ
Fn(ρ, µ), (3)
and Fmaxn = maxρ Fn(ρ). It is readily seen that any S n is non-
zero if and only if there is a corresponding violation of the
linear steering inequality, that is, Fn > 1.
For the two- and three-setting scenarios, CA further de-
rived, for any two-qubit state, closed analytical expressions
for the steering measures S 2 and S 3 which are functions of
components of the correlation vector ~c := {c1, c2, c3} of the
density matrix describing the quantum state, with the two-
qubit state parametrized in the following manner:
ζ =
1
4
1 ⊗ 1 + ~a · ~σ ⊗ 1 + 1 ⊗ ~b · ~σ + 3∑
i=1
ciσi ⊗ σi
 , (4)
where 1 is the 2 × 2 identity matrix and {~a, ~b, ~c} ∈ R3 are
vectors with norm less than or equal to unity and ~a2 +~b2 +~c2 ≤
3. In Ref. [30] it was shown that any two-qubit state, up
to local unitary transformations, can be reduced to the above
form, making the above parametrization applicable to all two-
qubit states.
Specifically, S 2 and S 3 have been evaluated to be the fol-
lowing [23]:
S 2(ζ) = max
{
0,
F2(ζ) − 1
Fmax2 − 1
}
, F2(ζ) =
√
c2 − c2min (5)
and
S 3(ζ) = max
{
0,
F3(ζ) − 1
Fmax3 − 1
}
, F3(ζ) = c (6)
respectively, where c =
√
~c.~c is the norm of correlation vector
~c and cmin = min{|c1|, |c2|, |c3|}. It is these two expressions
which will be used later for relating steering measures with
SCMUB.
Measures of simultaneous correlations in mutually unbi-
ased bases:- Let Alice and Bob share a bipartite state ρAB.
Dimension of local Hilbert spaces corresponding to Alice and
Bob are taken to be d. Let Alice encode the information about
a classical random variable which takes d number of values
using local measurement in the basis {|ai〉A |i ∈ (1, 2, ..., d)}.
Upper bound on the accessible information about the encoded
classical random variable available to Bob is given by
C1 = max{ΠAi }
S
(∑
i
piρBi
) −∑
i
piS
(
ρBi
)
(7)
= max
{ΠAi }
χ(ρAB, {ΠAi }) (8)
3where S (ρ) = −Tr[ρ log ρ] is the von Neumann entropy,
ρBi =A 〈ai|ρAB|ai〉A/pi, pi = Tr[A〈ai|ρAB|ai〉A], ΠAi = |ai〉A 〈ai|
and χ(ρAB, {ΠAi }) is called the Holevo quantity pertaining to
the ensemble {pi, ρBi } corresponding to Bob’s end [31]. Note
that C1 as given by Eqs. (7) and (8) is the maximum acces-
sible information about a classical random variable contained
in an arbitrary measurement basis {|ai〉A |i ∈ (1, 2, ..., d)} when
ρAB is used as a resource channel. Therefore, one can interpret
C1 as the maximum classical information contained in a state
ρAB [26].
A fundamental feature of quantum mechanics is the exis-
tence of mutually unbiased bases. Two sets of complete bases,
say {|a1i 〉} and {|a2j〉} in Hilbert space of dimension d are de-
fined to be mutually unbiased if and only if
|〈a1i |a2j〉| =
1√
d
.
Physically, this can be interpreted in the following way: Sup-
pose the observer is provided a system in one of the basis kets,
say |a1m〉, and measurement is performed given by projectors
{Πn = |a2n〉 〈a2n|}. Then the resulting state would be projected
with equal probability onto each of the basis kets of the other
basis {|a2n〉}.
Here we note that quantum phenomenon such as violation
of the Bell inequality is related to the existence of simultane-
ous correlations in observed properties in mutually unbiased
bases. It is this idea that has been used to propose a series
of measures [24, 26] that seek to capture the quantumness of
correlations through the persistence of correlations in mutu-
ally unbiased bases corresponding to a bipartite state ρAB. To
illustrate this, we denote by ΩA the set of all pairs of bases
that are mutually unbiased with each other, that is to say:
ΩA := {{{|a1i 〉A}, {|a2j〉A}} : |A 〈a1i |a2j〉A | =
1√
d
∀i, j ∈ (1, 2, ..., d)}. (9)
One can now define the quantity C2 as the maximum
amount of simultaneous correlations that exist in any given
pair of mutually unbiased bases (SCMUB), that is [24]:
C2 = max
ΠA1 ,Π
A
2 ∈Ω
min[χ(ρAB, {ΠA1 }), χ(ρAB, {ΠA2 )}], (10)
where {ΠAi } represents the basis of measurement in Alice’s lo-
cal Hilbert space. This definition can be easily generalized by
taking more than two bases at a time. For a bipartite quantum
state ρAB with the local Hilbert space dimension in Alice’s
side being d, one can define the quantity as in Eq. (10) with m
mutually unbiased bases, here 3 ≤ m ≤ d + 1. For d = 2, the
measure of SCMUB defined as in Eq. (10) cannot be general-
ized with more than three bases since for qubit systems there
cannot be more than three mutually unbiased bases. Next,
similar to the quantity C2, one can define C3 as follows [24]:
C3 = max
ΠA1 ,Π
A
2 ,Π
A
3 ∈ΛA
min[χ(ρAB, {ΠA1 }), χ(ρAB, {ΠA2 }), χ(ρAB, {ΠA3 })],
(11)
where the set of all triads of mutually unbiased bases in Al-
ice’s Hilbert space is denoted by ΛA as
ΛA := {{{|a1i 〉A}, {|a2j〉A , {|a3k〉A}} : |A 〈a1i |a2j〉A | = |A 〈a2j |a3k〉A |
= |A 〈a3k |a1i 〉A | =
1√
d
∀i, j, k ∈ (1, 2, ...d)}. (12)
Thus, having defined appropriate measures of simultane-
ous correlation in mutually unbiased bases (SCMUB), we will
now derive the central result of this paper showing explicit an-
alytical relationship between steering measures and SCMUB
in the two- and three-setting steering scenarios.
Relating steering measures and measures of complemen-
tary correlations:- For the two-qubit Bell-diagonal family of
states, the measure in two mutually unbiased bases of simul-
taneous correlations C2 has been evaluated to be the following
[24]:
C2(τ) = 1 − h

1 +
√
(c2 − c2min)/2
2
 , (13)
with h(x) ≡ −x log2 x− (1− x) log2(1− x). Using Eqs. (5) and
(13), it is seen that C2(τ) and F2(τ) are related to each other
as follows:
C2(τ) = 1 − h
1 + F2(τ)/√22
 . (14)
Now, note that, if a function f (x) continuous and differentiable
in any given interval a ≤ x ≤ b, then f (x) is monotonically
increasing function of x provided the derivative of f (x) with
respect to x is not negative, i.e., d f (x)dx ≥ 0 for all x ∈ [a, b].
By differentiating the left hand side of Eq. (14) with respect
to F2(τ), it can be checked that dC2dF2 ≥ 0 for all values of F2
which implies that C2 is a monotonically increasing function
of F2.
Further, note that, it follows from the definition of steering
measure S n (Eq. (2)) that as long as there is a violation of the
steering inequality in the two-setting scenario, i.e. F2 > 1, S 2
is a monotonically increasing function of F2. Then from the
monotonic relationship between C2 and F2 given by Eq. (14),
one can also infer the monotonicity of C2 with respect to S 2
for the two-qubit Bell-diagonal states.
Here it should also be noted that, from Eq. (2) one can infer
that when S 2 vanishes F2 becomes zero. Now, if we insert
F2 = 0 in Eq. (14), it follows that C2 = 0. Therefore, when
C2 vanishes, S 2 vanishes, too.
Similarly, for the three mutually unbiased bases, the mea-
sure of simultaneous correlations C3 (defined by Eq. (11)) for
the Bell-diagonal states has been found to be [24]:
C3(τ) = 1 − h
1 + c/√32
 . (15)
4Then the following relationship can be easily obtained using
Eqs. (6) and (15):
C3(τ) = 1 − h
1 + F3(τ)/√32
 . (16)
Similar to the earlier two-setting case, it can be checked from
Eq. (16) that the first derivative of C3 with respect to F3 is
non-negative, i.e., dC3dF3 ≥ 0 for all values of F3; i.e., in the
three-setting case too, C3 is a monotonically increasing func-
tion of F3. Then the above Eq. (16), in conjunction with the
definition of S n in Eq. (2), implies that for the two-qubit Bell-
diagonal states, the measure of steering S 3(τ) is a monotoni-
cally increasing function of C3(τ) in the region S 3 > 0 (i.e.,
F3 > 1 that corresponds to violation of the three-setting steer-
ing inequality). Here also, if C3 vanishes, then S 3 vanishes.
Concluding remarks:- In conclusion, let us summarize the
key features of this work. Appropriate quantitative resource
for quantum steering with respect to the steering quantifier
proposed in Ref. [23] has been identified by demonstrating
that for the Bell-diagonal two-qubit states, such steering quan-
tifiers F2 and F3 are analytically and monotonically related
to the degree of simultaneous correlations in mutually unbi-
ased bases as quantified by C2 and C3 in the two and three-
setting scenarios respectively. Such quantitative relationships
reinforce the link between measurement incompatibility and
steering that has been indicated through a one-to-one cor-
respondence between the mutual incompatibility of Alice’s
measurements and whether Bob’s state can be steered by Alice
[10, 11]. The importance of such a connection between steer-
ing and measurement incompatibility has also been brought
out through the construction of measure of steering based
on measurement incompatibility [32] which provides a lower
bound to the corresponding measure of measurement incom-
patibility [33].
The identification made in this paper of what aspect of cor-
relations embodied in the bipartite quantum state quantifies
quantum steering can thus play a key role in facilitating ex-
ploration of its foundational implications as well as its appli-
cations in quantum information processing, the potentiality of
which can be studied through appropriate examples such as
the sub-channel discrimination problem which refers to dis-
crimination of the branches in a quantum evolution; inter-
estingly, it has been shown that what is defined as steering
robustness quantifies quantum advantage for the task of sub-
channel discrimination using steerable states [12]. In light of
this result and our present work, it should therefore be interest-
ing to study the relationship between steering robustness and
SCUMB. Similarly, the link between steering and one-sided
device independent quantum key distribution, as pointed out
by Branciard et al [6], together with the results of our paper
may enable identification of the appropriate resource in such
quantum cryptographic protocols.
Note that our demonstration of the analytical relationships
between steering measures and SCMUB measures has been
essentially for the two-qubit Bell-diagonal states, and a nat-
ural line of further inquiry would be to investigate whether a
similar relationship would hold for a general two-qubit state
as resource.
Finally, it needs to be noted that while the steering quanti-
fiers S n with n = 2, 3 have closed analytic forms for all two-
qubit states, it should be worthwhile to examine their validity
in the wider context of the resource theory of steering [14]. In
particular, this would entail studying whether these measures
are non-increasing with respect to the allowed operations (lo-
cal operations assisted by one-way classical communications
from the trusted side to the black-box side) in the steering sce-
nario. Such an investigation would help to bring out the foun-
dational implications of steering measures S n as resource, and
thereby through our work, that of SCMUB.
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